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Resumo 

 

 Alguns estudos teóricos são desenvolvidos a partir da resolução da equação de 

Schrodinger e de outra forma, utiliza-se o teorema de Bloch para descrever o movimento dos 

elétrons em um potencial específico, resolvendo o Hamiltoniano adequadamente. Aplica-se 

um potencial simétrico e esférico, que resulta em uma estrutura de bandas de energia para os 

elétrons da rede cristalina. No entanto, há determinado formalismo teórico cuja investigação 

das propriedades eletrônicas sejam válidas apenas para estruturas simétricas. Neste trabalho, 

mostra-se o desenvolvimento de um formalismo analítico que permite estudar qualque 

material com determinada simetria , desde uni (1D) e bidimensionais (2D), usando Tight 

Binding Model (TB) para investigação das propriedades eletrônicas. Nesse sentido foi usado 

o teorema de Bloch e a estrutura recíproca do vetor de ondas de um determinado material 

cristalino, com geometria espacial confinada à Primeira Zona de Brillouin. A solução da 

equação de Schrodinger independente do tempo foi aplicada a uma destas estruturas, a do 

grafeno, para examinar suas propriedades eletrônicas. A aplicação do modelo TB  apresentou 

resultados importantes, como a obtenção dos seis pontos de Dirac para o grafeno, que são 

regiões de estudos para o entendimento de suas propriedades de condução eletrônica. 
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Abstract 

Some theorical studies have been developed in order to solve Schrodinger equation. By 

Bloch's theorem has been possible to make some approach in the Hamiltonian, such as regard 

electrons in a specific potential, or in a spherical symmetric potential, thar a lead an energy 

bands structure study. However, there is no theorical formalism that leads to investigate 

electronic properties of that structure. This paper brings the development of analytical 

formalism that allows to study any materials, in one (1D) and two-dimensional (2D), by 

using Tight Binding Model (TB). In this way, it was used the Bloch's theorem and 

wavevector reciprocal lattice of desire in the First Brillouin Zone. The solution of time 

independent Schrodinger equation was applied to graphene structure to examine its 

electronic properties. The TB approach has presented results, as the six points of Dirac, 

which has provided greater emphasis to that region than another research. 

 

Keywords: Dirac Cone, Dispersion Relation, Graphene-Like Structure, Tight Binding 

Model 

 

Introduction 

 The solution of Schrodinger's equation independent of time has dependence the kind of 

potential that is working. Since 1960, when Density Functional Theory has developed some 

of researches are able to conclude about the properties that didn't know yet [1]. Hence the 

interest in numerical methods to find the eigenstates of Schrodinger's equation have been 

grown, what results in new methods like Wannier Function and Ab intio [2,3]. Other 

approaches have been used like Hartree Fock approach [4,5] that considers the electrons in 

uence by spherical symmetric potential and leads a research about energy levels of some 

atoms like carbon. It was studied the electrons of some structure that took its electrons in a 

weak potential. Nevertheless, this study should not conclude about energy relation in the 

lattice, even being a common method to solve Schrodinger equation. 

 The solution of Schrodinger's equation independent of time has dependence the kind of 

potential that is working. Since 1960, when Density Functional Theory has developed some 

of researches are able to conclude about the properties that didn't know yet [1]. Hence the 

interest in numerical methods to find the eigenstates of Schrodinger's equation have been 

grown, what results in new methods like Wannier Function and Ab initio [2,3].  

 Other approaches have been used like Hartree Fock approach [4,5] that considers the 

electrons influence by spherical symmetric potential and leads a research about energy levels 
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of some atoms like carbon. It was studied the electrons of some structure that took its 

electrons in a weak potential. Nevertheless, this study should not conclude about energy 

relation in the lattice, even being a common method to solve Schrodinger equation. 

However, an attempt to develop the Tight Binding formalism leads besides simulation 

studies, an investigation from electronic properties of materials 1D and 2D, and an analytical 

result about this kind of material. The interest in theoretical models which allow to study 

electronic materials properties was potentialized upon graphene discovery [7]. That material 

is the most interesting among two-dimensional ones, due to its potential for application in 

several areas, such as electronic, and some peculiarities as specific singularities in regions 

known as well Dirac cones [8,9]. That region provides to graphene semiconductor properties, 

although it has a null gap [10]. This can be explained by the arrangement of its structure in 

a honeycomb lattice, due to hybridization sp2 of the carbon atoms on it[6]. However, there is 

no analytical formalism to investigate the electronic behavior of graphene and any other 

materials one-dimensional or two-dimensional. The wave function eigenstates describe the 

lattices electrons and allows to verify some experimental features, as the six specific points 

and Dirac cones region of graphene electronic surface. Tight Binding model includes a 

potential term in the Hamiltonian. By that model it is possible to elaborate a new formalism 

analytical to investigate the eigenstates of any structure once the analytical term was 

developed.  

 The wave function as solution of Schrodinger's equation leads to the Bloch conditions 

and brings terms that is linear combination of atomic orbital that is well defined. Therefore, 

it is possible to get the eigenstates as function of the lattice wave vector only. The network 

eigenstate as function of the lattice wave vector can be find properly [11,12]. The model 

outed the superposition integral is obtained thus the formalism analytical that allows a 

theorical study about electronic properties of structure and materials one and two-

dimensional. 

Model and Calculations 

 In order to obtain the mathematical Tight Binding formalism was taken the structure's 

electrons of a general structure with a strong bond. Therefore, we assume in Schrodinger 

equation a term from potential in the Hamiltonian, that nominated here as strong potential, 

that allow to write the Hamiltonian H as: 

 

𝑯 = 𝑯𝒂𝒕 + 𝚫𝑼                  (1) 
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 Next, it takes in the primitive vectors that gives rise to the structure mesh in study as 

vectors in reciprocal lattice, since it’s possible to confine theses vectors in specific space, the 

Vigner-Seitz primitive cell called first Brillouin Zone. 

 In this way, it was applied the Bloch’s theorem to propose as solution Schrodinger’s 

equation, a function wave that need be written as a product cross plan wave and a periodic 

function, whose period is in Bravais lattice (in this case, specifically on reciprocal lattice) , 

that is: 

∑ 𝑒𝑖𝐾⃗⃗ .𝑅⃗ 𝜙(𝑟 − 𝑅⃗ )𝑅                              (2) 

 

Hence, notice that the function 𝜙 in (2) should be expanded as linear combination of atomic 

orbitals, there is a possible description to the electrons near of its reliable position, in (3). 

 

𝜙(𝑟 ) = ∑ 𝑏𝑛𝜓𝑛(𝑟 𝑁 )                              (3) 

 

Thus, (3) looks for the eigenstates that is function wave associated. Therefore, seeks to solve 

the independent of time Schrodinger’s equation for the energy in wave vector dependence 

that gives the material parameter base as in (4). 

 

𝐻𝜓 = 𝐸𝜓                           (4) 

 

Results and Discussion 

The formalism applied to 1D lattice structure  

In order to apply the formalism that was obtained to 1D structure, it considered an periodic 

lattice, with vector wave parameter it is concerned on. We have assumed the interaction of 

the electron to the left occurs in the same way with the right electron and so on, as shown in 

the Figure 1: 
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Figure 1: Arrangement atomic of the lattice periodic. 

 

 This formalism is focus the electrons on interactions, that can be described by 

interaction of potential. The possibilities are the linear combinations of the primitive vectors 

of the reciprocal lattice of their structure. The wave vectors of the reciprocal lattice are 

confined into Brillouin Zone (FBZ) for k wave vector reciprocal. For one dimensional -1D 

study should be considered the wave vectors ~k as the K points of the FBZ.  

k [0,
π

a 
]                          (5) 

 We can assume an arbitrary variations R of the lattice that can be written, for the 1D as 

the product of the n constituents of their structure and the lattice parameter. In module, that 

can write: 

𝑅⃗ = 𝑛𝑎  = 𝑛𝑎                     (6) 

 The superposition integral can be simplified in the Tight Binding model in the 1D lattice 

by using 𝑘⃗ . 𝑅⃗ = 𝑛𝑘𝑎, 𝑛 represents the number of elements along the 1D lattice. Thus, 

assuming that the potential interaction of this structure is constant, the formalism is 

simplified for the expression  

 

𝐸(𝑘) = 𝜖0 + ∑ 𝑒𝑖𝑛𝑘𝑎  < 𝜓∗/𝜓(𝑥 − 𝑛𝑎) >𝑛     7) 

 

For n = 0 and n = 1, we get the equation. 

 

𝐸(𝑘) = 𝜖0 + 𝜓∗/𝜓(𝑥 + 𝑒𝑖𝑛𝑘𝑎𝜓∗/𝜓(𝑥 − 𝑎)  (8) 

 

And thus: 

𝐸0 = 0 + 
∗

(𝑥−𝑎)
                      (9) 

 

𝑡 = −2 ∗/(𝑥 − 𝑎)              (10) 

 

 For n = 0 and n = 1 is due to the lattice periodicity. As the analytical formalism obtained 

considers that the constituents of the mesh interact in the same way, by considering 

successive 'n' just leads an extension of the lattice size, and other structure analysis at 

different points within the first Brillouin Zone in the interval described by equation (20). 

 This fact also justified the term '2' that appears in (25): to avoid computing the 
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interaction of the electron n with the electron n + 1 and the electron n-1, multiplies by 2, once 

the interaction occurs in the same way. Therefore, by using (24) and (25) in (23) and utilizing 

the Euller relation it obtained the expression.: 

 

𝐸(𝑘) = 𝐸0 − 2(cos(𝑘𝑎) + 𝑖𝑠𝑒𝑛 (𝑘𝑎))𝑡       (11) 

 

 

The eigenstates are related to energy, which is an. Since an observable magnitude must be 

real, we neglect the complex part of (26), what lead us to obtain the follow Equation: 

𝐸(𝑘) = 𝐸0 − 2(cos(𝑘𝑎) 𝑡                      (12) 

 

 From the can be obtain the Figure 1 for 1D structure periodic.  In despite of can be 

observed the electrons of the conduction and valence bands of materials electronic structure 

like graphene. 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: Dispersion Relation from 1D lattice 

 

The formalism applied to graphene structure 

 As can be shown the tools that will use, it can afford to examine analytically the model. 

So, it will be used the Dirac notation to simplify the expressions shown in (5). 

< 𝜙𝑎|𝜙𝑏 > = ∫ 𝜙𝑎
∗𝜙𝑏𝑑𝑟

+∞

−∞
 

Using (1) in (4), the Schrodinger's equation can be written as in (6): 

(𝐻𝑎𝑡 + Δ𝑈)𝜓𝑛 = 𝐸𝑛𝜓𝑛 

(13) 

(14)

) 
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 Multiplying the Schrodinger’s equation by the complex function wave  𝜓𝑚(𝑟 ) and 

integrate over all space follow the equation (7).  

 

< 𝜓𝑚|𝐻𝑎𝑡|𝜓𝑛 > + < 𝜓𝑚|Δ𝑈|𝜓𝑛 >= 𝐸(𝑘⃗ ) < 𝜓𝑚|𝜓𝑛 >  

 

Note that from a free particle the Schrodinger’s equation results in (8) 

 

𝐻𝑎𝑡𝜓𝑚 = 𝐸𝑚𝜓𝑚 

 

Hence, using (8) and (6) that came from (7), it has (9). 

 

   𝐸𝑚 < 𝜓𝑚|𝜓𝑛 > + < 𝜓𝑚|Δ𝑈|𝜓𝑛 > = 𝐸(𝑘⃗ ) < 𝜓𝑚|𝜓𝑛 > 

That means the equation  

(𝐸(𝑘⃗ ) − 𝐸𝑚) < 𝜓𝑚|𝜓𝑛 > = < 𝜓𝑚|Δ𝑈|𝜓𝑛 > 

 

 Once regard the interactions contributions of some part of the lattice and electrons 

interactions at some directions, into linear combinations the lattice primitive vectors, it’s 

proposed as Schrodinger’s equation solution. 

The solution is a wave function that is sum of (3) and a function wave that brings the cited 

features together, that is (11) and (12) 

 

𝜓 = 𝜙 + 𝜓′                        

Where, 

𝜓′ = ∑ ∑ 𝑏𝑛𝑒𝑖𝑘⃗ .𝑅⃗ 
𝑅𝑛 𝜓𝑛(𝑟 − 𝑅⃗ )                             (20) 

 

 The wave function (11) is also a Schrodinger’s equation solution. However, the 

proposed sum has a term that can be evaluated as electrons interactions in all 𝑅⃗ ⃗  possible 

directions inside the lattice. From this, in the structure region as function of its wave vector 

arise a region that regarded as Dirac cones.  It’s near of regions that appears a no-continues 

points that is well known as Dirac points. Hence, some semiconductors properties is allowed 

to study. 

 

  

(15) 

(16) 

(17) 

(18) 

(((19) 
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Therefore substituting (15) and (16) in (14), follow that (13) 

 

(𝐸(𝑘⃗ ) − 𝐸𝑚)∑𝑏𝑛 < 𝜓𝑚|𝜓𝑛 >= 𝛼 − 𝛾 + 𝜏

𝑛

 

 Where: 

 

𝛼 = ∑𝑏𝑛

𝑛

< 𝜓𝑚|Δ𝑈|𝜓𝑛 > 

 

𝛾 = (𝐸(𝑘⃗ ) − 𝐸𝑚)∑ ∑ 𝑏𝑛 < 𝜓𝑚|𝑒𝑖𝑘⃗ .𝑅⃗ |𝜓𝑛(𝑟 − 𝑅⃗ )𝑅𝑛 >  (23) 

 

𝜏 = ∑∑ < 𝜓𝑚|Δ𝑈|𝜓(𝑟 − 𝑅⃗ ) >

𝑅𝑛

 

 

 At (22) left inside the ensemble has been 𝛿𝑛,𝑚. So, take n=m and consider all sum as 

𝑏𝑚 as constant lead to rewrite the follow equation (25). 

 

(𝐸(𝑘⃗ ) − 𝐸𝑚)𝑏𝑚 = 𝛼 − 𝛾 + 𝜏 

 

 In 𝛾 arise a term that is periodicity related, which is 𝑒𝑖𝑘⃗ .𝑅⃗ . Therefore, it has allowed to 

conclude about the eigen states as vectors of reciprocal lattice function, that satisfy the 

reciprocal mesh conditions as in (18).  

 

𝑒𝑖𝑘⃗ .𝑅⃗ = 𝑒𝑖𝑘⃗ .(𝑅⃗ +𝑟 ) 

 In the other side, 𝜏 has the expression (19). 

 

< 𝜓𝑚|𝜓𝑛(𝑟 − 𝑅⃗ ) > 

 

 It is well-known as superposition integral, who has an important role in magnetism 

theory. The Tight Binding model [19] explore these integrals meaningless. 

 

 The model validity can be verified by using the Ninith software. This software allows 

geometric building of carbon nanostructure as Carbon Nanotube (NTC) and Graphene. It’s 

possible to obtain the electronics surfaces of these structures too. For this, the Ninith software 

(21) 

(22) 

 (24) 

(25) 

(26) 

(27) 
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leads the length carbon bonds control, the transferred energy in the interaction and an 

approximate value to the superposition integral, that is denoted by “Overlap Integral” in that 

platform. The developed formalism can be applied to Graphene that is a pure two-

dimensional structure. It was obtained with Ninithi the Graphene electronical surface shown 

in Figure (2). 

 As can be showed, the Figure 2 brings two different characters to material graphene 

surface. In Figure 3, it’s shown the natural surface, that it did not take approaches to the 

superposition integral value. The space between the bonding and anti-bonding is showed too. 

 An important region of graphene was obtained. That region is interface of conduction 

band and valence band it’s known as gap energy zone. The difference of the higher occupied 

energy level and the less energy level non-occupied take the Fermi levels. These levels 

concern the semi-conductors’ properties to some materials. However, Graphene don’t have 

a Fermi level, even though verification these features, experimentally [8] and moreover as 

super conductors [9]. Hence, these facts awake the researcher interest to specify the study 

about graphene and its electronical properties. 

The reason of these facts can be explained in the region where the surfaces appear to touch 

it. This region is recognized as Dirac cones [18]. The superposition integral meaningless 

imply a larger gap, what get emphasis the Dirac point, as showed by Figure 3: 

 

 

 

 

 

 

 

 

 

   

 

Figure 3.  The graphene electronical surface bands. 

  

 Hence, these facts awake the researcher interest to specify the study about graphene and 

its electronical properties. The reason of these facts can be explained in the region where the 

surfaces appear to touch it. This region is recognized as Dirac cones. The superposition 
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integral meaningless imply a larger gap, what get emphasis the Dirac point, as showed by 

Figure 2. Once the C-C length still the same, this fact can be explained by the superposition 

integral meaningless. Therefore, the mathematical formalism developed in this paper, 

beyond to verificated the data that brings from the literature, it could be used as parameter to 

study a structure 1D and 2D, leading more consistent researches about electronical properties 

of this materials, especially as graphene [19-21] 

 

Conclusion 

 In this work was developed an analytical method to understand some crystalline 

structure (1d and 2D lattices) with its correlated properties electronic, as in order to study 

graphene electronics properties. The formalism obtained has allowed to obtain the energy 

states values that gives an enhanced Dirac points which show different energy level of 

crystalline structure. In the specific case, the electronic properties graphene was analyzed. 

 Their properties depending on kind of structure, such as, zig-zag or armchair that bring 

the atoms combining into graphene lattice. The formalism developed here promoting this 

discussion by assumption that some medication on the base wavevector lattice of graphene 

obtained analytically give their electronic properties by tight binding model consideration. 
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