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Abstract: In this paper, we investigate the classical identities of the repunit sequence with
integer indices in light of the properties of Horadan-type sequences. We highlight particularly
the Tagiuri-Vajda identity and Gelin-Cesaro identity. Additionally, we prove that no repunit is
a perfect power, whether even or odd. Finally, we address a divisibility criterion for the terms
of repunit r, by a prime p and its powers.
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1 Introduction

For n natural, consider {h,,} the Horadam sequence defined by the recurrence relation
of second order, where p and ¢ are fixed integers, such that

hns1 = phy + qhy, 1, for all n > 1, (1.1)

with initial conditions hg = a and h; = b. This sequence like was introduced by
Horadam [1, 2], and it generalizes many sequences with the characteristic equation of
recurrence relation of form 22 — pr — ¢ = 0. More general results about the Horadam
sequence can be found in [1, 3].

In Equation (1.1), if we let p = 11;¢ = —10;a = 0; and b = 1; then the Horadam
sequence is specified in the repunit sequence. The repunit numbers {r, },>¢ are the terms
of the sequence {0,1,11,111,1111,1111, ...} where each term satisfies the recursive
formula 7,1 = 10r, + 1 for all n > 1 and o = 0, the sequence A002275 in OEIS [4].
Santos and Costa [5] showed that this sequence too satisfies the Horadam recursive
recurrence

Tny1 = 11r, — 10r,_1,for all n > 1, (1.2)

with initial conditions r¢ = 0 and 7, = 1. Some work too explore the connections
of repunit sequence {r, },>o with the Fibonacci-type or Lucas-type sequence, again a
Horadam-type sequence, 1,11 = pl, — ql,_1, for all n > 1, p and ¢ are fixed, and [; and
ly are given, see instance [6, 7].
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This article is organized into distinct sections: Section 2 revisits some concepts related
to sequence repunits, such as Horadam recurrence and Binet’s formula. Section 3
explores classical identities for repunit sequence with integer indices, highlighting the
Tagiuri-Vajda, D’Ocagne, Catalan, Cassini, and Gelin-Cesaro identities. Section 4 shows
the relationships between repunits and powers with natural exponents, including proof
that no repunit number can be a power of any natural number. In Section 5 investigates
the divisibility relation between a prime p and the composite repunit 7,._;. Finally,
Section 6 we present the partial sums of the terms in the sequence. Even though the
repunit sequence is a Horadam-type sequence, this is the first work to determine the
Tagiuri-Vajda, and Gelin-Cesaro identities of the repunit sequence.

2 Repunit numbers and Binet formula

In this section, we establish some recurrence relations and the Binet formula for
repunit sequence for all integers n.

See that the difference equation associated with the sequence of repunit {r,},>o is
Tny1 = 11r, — 107,41, for all n > 1, (2.1)

which has as its Horadam-type characteristic equation 2 — 117 + 10 = 0, and its real
roots are r; = 10 and 75 = 1. According [8] the equation r? + pr + ¢ = 0 has distinct
roots r; and 7o, and then the sequences r, = ¢;(r1)"™ + c2(r2)"™, for n > 0, and with ¢y,
o real numbers are solutions of Equation (2.1). Let us determine the constants ¢; and
o, considering that ro = 0 and r; = 1, and we obtain the linear system,

0= 1+ ¢
1=10c; + c5 .
We find ¢; = % and ¢y = —%. So we have that
10" —1
Ty = , for all n > 0. (2.2)

The Equation (2.2) presents the classic and well-known Binet’s formula for the sequence
of repunit {r,},>0, see the references [9-11].

In Costa and others [12] the repunit sequence {r, },>¢ the was extended to negative
subscripts this way. Let n > 1, then the negative index n-th repunit numbers is defined

as
TTL

10
It follows from the definition that repunit sequence with negative index is the set of
elements given by

(2.3)

Ty =

1 11 111
ey = o L 01 20,11 —0,111,.. .},
{r—n}nz1 { 100 1027 103 } { J

The first few repunit numbers with negative subscript are given in the following
Table 1, with —8 <n < —1:
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(1 s [ 7 | 6 [ 5 [ 4 [ 3 [ =2]d]
[ r [[ -0,41111111 [ -0,1111111 | -0,111111 | -0,11111 [ -0,1111 [ 0,111 [ -0,11 [ -0,1 |
Table 1. Repunit numbers at negative index

According [12], observation of Table 1, we conclude that the repunit sequence with
negative index satisfies the recurrence relation

11 1

T (nt1) = 1—07:” — 1—07“_(”_1) with r_y = —0,1 and r_, = —0,11 ; (2.4)

formn=1,2,3, ....

11
Note that the recurrence r_(,4.1) = 1—07"_” - 1—07"_(”_1) has Horadam-type characteristic
equation given by
N (2.5)
r— —r4+-—= :
10 10 ’
1

whose roots are r; = 0 and 7o = 1. We find ¢, = ’71 and ¢y = é. Then, the Binet

formula is as follows.

Proposition 2.1. [12] (Binet’s formula) For all n € N, we have

10" -1
9-10m

(2.6)

r_p, =

3 Some Classical Identities

In this section, we establish some classical identities for the repunit sequence for all
integers n, for example, the Tagiuri-Vajda, Catalan, Cassini, and d’Ocganes identities.
The Tagiuri-Vajda and Gelin-Cesaro identities are presented for the first time in this
work. The identities of Catan, Cassini, and d’Ocganes have already appeared in some
previous work, however the demonstration presented is different from the reference
indicated.

3.1 Identities with subscript positive
First the Tagiuri-Vajda’s Identity:
Theorem 3.1. Let m, s, k be any natural numbers. We have
TmtsTmik — TmTmasik = 1077
Proof. Using Equation (2.2) again we obtain that
TmtsTm+k = T'mTm+s+k

B 10m+s -1 10m+k -1 (10m - 1> 10m+s+k -1
B 9 9 9 9

107+l — 10+ — 0™ +10™ (10™F — 10™)(10° — 1)

81 81
1 k _ s
_ o (01 (10 1)7
9 9
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and we have the validity of the result. O]

The other identities will follow as a consequence of the Tagiuri-Vajda’s Identity,
Theorem 3.1, as we will see below.

Proposition 3.2. [5] (d’Ocagne’s Identity) Let m,n be any natural. For m > n we
have
TPl — Tma1Tn = 1077, .

Proof. First, we consider kK =n —m and s = 1 in Theorem 3.1, so
m
Tmt1Tn — TmTne1 = 1077, .

Note that n —m < 0, using to Equation 2.3 we obtain that

T
Fme AT = Fn ot ( 10m—n)
= _1On7amfn )
and we get the result. O

Similar to Proposition 3.2 we have the Catalan’s Identity.

Proposition 3.3. [5]. Let m,n be any natural. For m > n we have

(rm)2 — PenTman = 10M77. (7‘71)2

Proof. Just take s =n and kK = —n in Theorem 3.1 we have that

107" —1 10" -1
'm+nTm—n — (,’,,m)Q = 10™ ( > < 0 )

9 9
1-10" n
R~ <10 —1>
9 9
_ 10m(—10 —1> <10 —1)
107 -9 9

10" — 12
=

Now, the result will follow with the help of Equations (2.2).

Making n = 1, without much effort, follows directly from Proposition 3.3 that:

Proposition 3.4. [5]. (Cassini’s Identity) For all m > 1, we have
(1m)? = Pm1Tmyr = 10™71,

The following result presents an interesting application of Cassini’s Identity, as shown
below:
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Proposition 3.5. For any positive integer m, the Diophantine equation x? — 11zy +
10y? = 10™~! has infinitely many solutions.

Proof. By combining Cassini’s Identity (Proposition 3.4) with Equation (1.2), we obtain
the following equation: (r,,)? — 117, 17 + 10(r,—1)? = 10™*L. Setting r,, = = and
rm—1 = y yields the desired result.

O
Now, we present the Gelin-Cesaro identity for the repunit sequence below.
Proposition 3.6. Let m be any natural number. Wave
TrnoTm1Tm1 mi2 = Ty — 111-10™72 . 2 121 - 10*™3
Proof. By setting n = 2 in Proposition 3.3, we obtain the following equation:
(Tm)? = TrmaoTm_o = 121 -10™72 . (3.1)

Multiplying Equation (3.1) with Cassini’s Identity, Proposition 3.4, leads to the desired
result L

To conclude this subsection, we present an interesting result that explores combinations
of some terms in the repunit sequence. This result has similarities with the Tagiuri-Vajda,
Catalan, Cassini, and d’Ocagne identities discussed previously. Before an auxiliary
result.

Lemma 3.7. Let m be any natural. We have
Tt 2 m+3Tmed = Tmi1Tme2Pmis + 1221 - 10" e, o

Proof. Using the Equation 2.2, we get

10m+3 -1 10m+4 -1
T"m+2T"m+3"m+4 = T'm+2

9 9
7102m+7 o 10m+3 o 10m+4 + 1
- ]1 T'm+2
10m+(10mF6 — 102 — 103) + 1
- 81 fmi2

the same way,

<1om+1 _ 1) <1om+6 _ 1)
T"m+1Tm+6Tm+2 = T'm+2

9 9
_102m+7 _ 10m+6 _ 10m+1 + 1
- 81 fm+2
10m+1(10m+6 — 105 — 1) + 1
- 81 Tm2 -
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So

10m+1(105 . 102 o 102 + 1)
T'm+2 (Tm+371m+4 - Tm+17”m+6) = 21 Tt

102 — 1 103 —1
=10m*! ( 5 ) < 9 )Tm+2

=1221- 10"y, 10

Proposition 3.8. Let m be any natural. We have
(Trt3)® = T Tme2Tmes = 10™T (1331740 — 1007, 11) .

Proof. By Cassini’s Identity, Proposition 3.4, we have that (r,,43)% — rmiormea = 10m72.
SO (Tm43)® = TmaoTmisTmea = 10™T2r, 5. According Lemma 3.7, we get

10m+2

3 _
(rm+3) — Tm+2T"m4+3"m4+4 = T'm+3

(Pm+s)® = TmsiTmaormes = 1221107 0 4+ 10720, 45
= 10" (1221740 + 107,,13)
= 10™"(13317,42 — 1007, 1) .

Since 7,43 = 117,400 — 107,11, Equation (2.1). O

3.2 Identities with subscript negative

Similarly, in the following result, we show the Tagiuri-Vajda identity for the negative
subscripts of r,.

Theorem 3.9. Let m, s, k be any natural numbers. We have
T—(m+s)T—(m+k) — T"'—mV—(m+s+k) — 10_mr—sr—kz .

Proof. Using Binet’s Formula defined by the Equation (2.6), we obtain the following
expression:

T—(m+s)T—(m+k) — T—mT —(m+s+k)
B 10mts — 1 10m+k -1 (10m _ 1) 10m+s+k -1
9. 10mts )\ 9. 10mtk 9-10m /) \ 9. 10mtsth

107tk —10mHh — 0™ +10™ (10™F —10™)(10° — 1)

81 - 102m+s+k 81 - 102m+s+k
o 10 —1 .
= 10 —W r_s = ].O r_gT_—s ,
and we have the validity of the result. m

Again the other identities will follow as a consequence of the Tagiuri-Vajda’s Identity,
Theorem 3.9, as we will see below. Firt, we present the D’Ocagne Identity for the
negative indices of r,,.
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Proposition 3.10. [12] Let m, n be any natural. For m > n we have

_ Tm—n
T_(m+1)7;n - 7afm'r—(n—l-l) - 1Om+1 .

Proof. he result follows directly from Theorem 3.1, by substituting £k = n — m and
s=1. O

Similar to Proposition 3.10 we have the Catalan’s Identity.

Proposition 3.11. [12] Let m, n be any natural. For m > n we have

(Tn)Q
10(m=n)

(T,m)2 —T—(m—n)T—(m4n) =
Proof. Just take s =n and k = —n in Theorem 3.9 and the result will follow. [
When substituting n = 1 in Proposition 3.11, we obtain

Proposition 3.12. [12] (Cassini’s Identity) For all m > 1, we have

(rm)® = 7 m))7—(m+ry = 10771

We conclude this section we present the Gelin-Cesaro identity can also be extended
to negative indices. The resulting identity for negative indices is presented below:

Proposition 3.13. For all m > 1, we have

T )T — ()T — (g )T —(mg2) = Ty — 1111070722 12110739

Proof. The desired result can be obtained by simply multiplying the results of Proposi-
tion 3.11 and Proposition 3.12, setting n = 2 in both cases. O

Lemma 3.14. Let m be any natural number. We have

T~ (m+2)" —(m+3)T—(m+4) = T'—(m+1)T—(m+2)T—(m+6) + 1221 - 107(m+6)7’—(m+2)-

Proof. Using the Equation 2.6, we get

10m+3 -1 10m+4 -1
T'—(m+2)T—(m+3)T—(m+4) = T—(m+2)

9. 10m+3 9. 10m+4
102m+7 _ 10m+3 _ 10m+4 4 1
- 81 - 102m+7 F=(m+2)
10™H1(10™F6 — 102 — 10%) + 1
= DY T—(m+2) »
81 - 102m+
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the same way,

10m+1 -1 10m+6 -1
F=(mA1)T=(m+2)T=(m+6) = | g7 gm+1 9.10m+6 ) —(m+2)

_102m+7 _ 10m+6 _ 10m+1 +1

81 102m+7 Tmt2)
107+L(10+6 — 10° — 1) + 1
N 81 102m+7 Tomt2)

So

10m™H1(105 — 10% — 10% 4 1)
T (m42) (I = (m43) = (m+4) = T—(m+1)T'—(m-+6)) = 1. 102t T (m+2)

10m+t /102 =1 103 —1
::10%n+7 9 9 T'—(m+2)

=1221- 107" 0 1)

]

In conclusion, we demonstrate that the following identity holds for negative indices:

Proposition 3.15. Let n be any natural number. Wave

oy (12221 1
12 (e3) — T )T (042"~ () = 10707 (1000007‘—<n+2) ~ 100" —(n+1)>

Pmof By Cassini’s Identity, Proposition 3.12, we have that (r_ m+3)) —T_(m+2)T—(m+4) =
=10~ (m+2)

10280 (1 m43))® = T—(me2) T~ (43T (m-+4) = T (mt3)-
According Lemma 3.14, we get
(r—(mt3)” = T (m+2) T (m43) T (m-+4) 102715
3 1221 (m+1),, ~(m+2)
(T—(m+3))” = Tt D) = (mt2) " —(mt6) = 100000 -107 T_(m+2) + 10 T (m+3)
1221 1
— 10—(m+1)< - —r, )
100000 "2 10"
12221 1
—(m+1
= lorm (100000“("*2) _100“(”“)>

Since r_(m4y3) = %r_(m+2) — %r_(mﬂ), Equation (2.4)

4 Repunit number are not powers

We remember that a natural number m written as a power of natural numbers, if

there are natural numbers a and k such that m = a”.

In [5] it is shown that for n > 2, no repunit 7, is an even power or a sum of two even
powers. In this section, we will extend this result to any natural number n > 2.

The main result of this section is
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Theorem 4.1. Forn > 2, no r, is a power of natural numbers.

The Theorem 4.1 is a direct consequence of the next two results.
Proposition 4.2. [5] For n > 2, neither r,, is a even power or a sum of two even powers.

Proposition 4.3. For n > 3, neither r,, is an odd power.

The proof of Propositions 4.2 can be consulted at [5], and the Proposition 4.3 will be
demonstrated in subsection below.

4.1 Odd power

For every natural number m, let ¢(m) be the quantity of natural numbers less than or
equal to m that are relatively prime to m, meaning ged(a, m) = 1 for all a < m, where
ged(a, b) is the greatest common divisor between the numbers a e b. The function p(m)
is known as the Euler’s totient.

To present the result, we will make use of the following two auxiliary results.

Lemma 4.4. [13] The equation
" —1

r—1

=y" z,ymneN z>1, y>1, m>2 n>1,
has no solution (x, y, m, n) satisfying gcd(:cnp(:c),m) = 1, where p(m) is Euler’s
function of m.

Lemma 4.5. [5, 1] For n > 2, no repunit v, is a fifth power.

Now let us extend the Lemma above to all odd prime p # 5.
Proposition 4.6. Let n > 2 and p # 5 be an odd prime. No repunit r, is a power p.
Proof. By the hypothesis, we have p > 2 a prime number. For all n > 1, let r,, be a
repunit number. Using the Binet’s formula, Equation 2.2, we get that
_10m =1
9

According to Lemma 4.4, we can conclude that the Diophantine equation

=14+10+10>+10>+...+ 10" .

Tn

1+10+102+103+... + 10" =4,

does not have integer solutions for any n, y given that gcd(lng(lO), p) = ged (407 p) =1,
since ¢(10) = 4, and p # 5. O

Finally, we must show that r, cannot be expressed in the form ¢ for any natural
numbers a and m, where m is odd. So let’s go to:
proof of Proposition 4.3
Let n be a natural number. Consider the repunit number r,, and a™ any positive
integers a and m where m is odd. Now, will analyze the case where m = pz for an odd
number z. Suppose that, for some n > 2, we have r,, = aP*. This would imply that
r, is a p power, since r, = (a®)? which contradicts Lemma 4.5 if p = 5, or contradicts
Proposition 4.6 if p # 5, and we conclude the demonstration.
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5 Factor p of the repunit number

In [11, 15], we have that for any prime p > 5, then p is a divisor of some repunit,
precisely p divides 7,_;. In this section, let us extend the result showing that p is a
divisor of rp»_;. It is also noteworthy that in [10] presenting also a characterization for
a prime factor of a non-prime repunit type r,.

In order to verify the result later, we need an auxiliary result, which we present below:

Lemma 5.1. [16] If a and b are integers and n is a natural number, then a — b divides
a —b".

Lemma 5.2. [16/(Euler-Fermat’s Theorem) Let a and m be natural numbers. If
ged(a, m) =1, then a?™ =1 (mod m).

Theorem 5.3. Let n be a positive integer and p a prime with p > 5. Then p divides
Tpn_l.

Proof. Tt follows from Lemma 5.1 that p — 1 divides p™ — 1, that is, p" — 1 = (p — 1)k for
some integer k. Since p > 5, then (10*, p) = 1. Therefore, by Euler-Fermat’s Theorem,
Lemma 5.2, we have that (10%)?® = 1 (mod p). Since ¢(p) = p — 1, we have that
(10%)P=1) = 10*"~! = 1 (mod p) and the result follows. O

Making n = 1 in Proposition 5.3, have we:

Corollary 5.4. [15] Let p be a prime number, p > 5, then p divides r,_;.

6 Sum formulas

In this section, we present results on partial sums of terms of the repunit sequence with
n integers. Initially, consider the sequence of partial sums > ) 7% = ro+7r1+7r2+- - +7p,
for n > 0, where {r,},>0 is the repunit sequence. We have two auxiliary result.

Proposition 6.1. [12] Let {r,},>1 be the repunit sequence, then

10r, — n

@ 2 =

" 10%rs, — nry
(b) > orop = ———=,
-0 99
. Ty — (R Dy
(C) ];)T%—H = 99 .

Proposition 6.2. [12] Let {r_,},>0 be the repunit negative sequence, then

n

n—r_,
(a) Y orop = — 5
k=0
- nry — T'_on
b Ly = 2
( ) kz:%?ﬂ 2k 09 )
n 1 — T (on
©) S oy = _(n+ >T299 T=@nt1)

2k=0
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Now, consider the sequence of alternating partial sums ZZZO(—l)krk =rg—1T1+7ry—
r3+ -+ (—=1)"ry,, for n > 0, being {r, },>0 the repunit sequence.

Proposition 6.3. Let {r,},>o be the repunit sequence, then

n

(@) D (=Dr = W%m, if last term is negative ;
k=0
n 2

(b) Yo (—1)kry, = Il f gt term is positive .
k=0

Proof. (a) First consider that last term is negative, so
2n+1

YNo(=Dfre = ro—riro—rst 4o — Fonga
k=0

= (T0+T2+"‘+T2n)—(7“1—|-7“3—|-"'—|-T‘2n+1)
= ZT%—Z'F%H
k=0 k=0

According to the Proposition 6.1, items (b) and (c), it follows that:

2n+1 n n
S(=DFr = Y ro =D 1o
k=0 k=0 k=0
_ 10%r9, —nry Tanys — (n+1)r
B 99 99
_ 10%ry, — ronys + 7
— % .

(b) In which case that last term is positive, so

2(n+1)
> (=1)fre = ro—ri4ra—r3+ -+ — rag + T2(n+1)
k=0
= (rotra+-+ram+ramin) — (i +rs+ -+ o)
n+1 n
= Zrzk - 27’2k+1 .
k=0 k=0
As in item (a), apply the Proposition 6.1. O

Proposition 6.4. Let {r_,},>0 be the repunit negative sequence, then

n

(a) S(—1)fr, = 22 To2th - f Jast term is negative ;
k=0
n —

(b) > (=1)fr_, = =2t if last term is positive
k=0
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Proof. (a) First consider that last term is negative, so
2n+1

Z (—1)]67“,]{ = ro—Tr_1+ro—r_g+---+7r_9, — T—(2n41)
k=0

= (ro+roo+-+r_g) —(roa+rs+ - +7r_2041)
= thk - ZT—(%H)
k=0 k=0

According to the Proposition 6.2, items (b) and (c), it follows that:

2n+1 _ Do —
Z (—1)k7”—k _ _nra—Toom " (n+ 1)ry — r_(an41)
P 99 99
_ T +Tr_on — T—2(n+1)
99 .

(b) In which case that last term is positive, so

2(n+1)
Z (=D*rp = ro—r_14ra—r_g4- 10— T—(2n+1) T T'—2(n+1)
k=0
n+1 n
= Z T2k — Z T'—(2k+1)
k=0 k=0
As in item (a), apply the Proposition 6.2. O

7 Conclusion

This paper discusses properties regarding the repunit sequence, a Horadam-type se-
quence {hy}n>0. We primarily delve into the classical identities of the repunit sequence
with integer indices. Additionally, we establish that no repunit can be expressed as an
odd perfect power, thereby extending the previously known result that repunits cannot
be written as powers with even exponents, thus concluding that repunits cannot be
perfect powers. By shedding light on these findings, we aim to inspire other explorations
of this number class. Notably, some aspects of these investigations appear to be pioneer-
ing, suggesting that while the results are obtained through elementary mathematical
methods, they may offer original insights, potentially enriching the field’s understanding.
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