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Abstract: Malaria continues to pose a major public health threat especially in tropical regions like Nigeria
where inadequate drainage systems create stagnant water that fosters mosquito breeding. While conventional
interventions such as insecticide-treated nets, indoor spraying, and antimalarial drugs remain essential, en-
vironmental management has been comparatively underexplored. This study presents a six-compartment
mathematical model that incorporates human and mosquito population dynamics alongside open and closed
drainage systems to evaluate their role in controlling malaria transmission. The model integrates susceptible,
infected, and recovered classes in both populations and introduces drainage effectiveness parameters (ko and
k) to simulate the reduction in mosquito habitats. Analytical findings show that when ko + k¢ > 1, the
disease-free equilibrium becomes locally asymptotically stable which effectively halting endemic transmission.
The basic reproduction number (Rg) is derived and results confirm that optimized drainage can bring Rg
below the critical threshold of 1 which is a necessary condition for disease elimination. An optimization
framework using Lagrangian techniques further demonstrates that an equal allocation of drainage resources
(koDo = kcDe = ¢/2) yields the most efficient reduction in mosquito populations. Sensitivity analyses
highlight that higher mosquito reproduction (p,,) and contact rates (32) exacerbate disease persistence there by
reinforcing the need for an integrative approaches. This study underscores the potential of drainage optimization
as a sustainable, evidence-based addition to malaria control strategies. It offers actionable recommendations for
policymakers to integrate environmental management into public health frameworks aimed at achieving malaria
elimination by 2030.
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1 Introduction

Malaria remains one of the most significant public health challenges worldwide, particularly in regions
with tropical climate change and urbanization increasing the frequency of stagnant water. Efforts to combat
this mosquito-borne disease have historically focused on pharmaceutical interventions and mosquito control
measures. However, an often overlooked but highly effective strategy lies in the optimization of drainage
systems to manage mosquito breeding habitats. In this study, malaria control strategies will be extend
beyond pharmaceutical and chemical interventions to an optimization of drainage systems by disrupting the
mosquito life cycle at the source such strategies offer a practical sustainable path toward reducing malaria
transmission and ultimately achieving elimination goals. We will explore the mathematical modeling of
how optimized drainage systems specifically open and closed drainage systems will impact the population
dynamics of mosquitoes and the subsequent transmission of malaria. By examining the impact of drainage

Submitted 16 Jun 2025; Accepted 10 Oct 2025; Available online: 30 Oct 2025.
ISSN 2675-8318 Copyright ©2025 INTERMATHS. Published by Edicdes UESB. This is an Open Access article under the CC BY 4.0 license.


https://doi.org/10.22481/intermaths.v6i1.16942
https://orcid.org/0009-0008-1758-3237
https://orcid.org/0009-0009-5933-1481
https://orcid.org/0000-0003-1067-1687
mailto: pimoukhedeme@helpmaninstitute.org 
http://www2.uesb.br/editora/

optimization on mosquito breeding sites and their life cycle, we aim to highlight their potential in reducing
mosquito populations and thereby decreasing the incidence of malaria.

Malaria continues to rank among the top five causes of death in low-income regions with the burden
falling disproportionately on sub-Saharan Africa. As of late 2024, only a select few African nations such
as Algeria, Cabo Verde, Mauritius, and Egypt have achieved malaria-free certification from World Health
Organization (2020) highlighting the persistent challenges in malaria elimination. While much of the focus
historically has been on pharmaceutical interventions and mosquito control through insecticide-treated nets
and indoor spraying, one critical yet frequently neglected factor is environmental management, particularly
the role of drainage systems in controlling mosquito breeding. Inadequate drainage leads to stagnant water
which provides an ideal habitats for Anopheles mosquitoes which is the principal vectors of malaria. Female
adult Anopheline mosquitoes transmit malaria parasitic from infected humans to susceptible humans. After
they mate, female adult mosquitoes bite humans (and other animals) and take a blood meal to obtain
the protein necessary for egg development and egg laying. Mosquitoes acquire the parasite (Plasmodium)
infection by taking blood meals from an infected human. After the parasites complete the development
period within the mosquito, then they can subsequently pass the disease to a susceptible human. With
urbanization and climate change further exacerbating these life cycle, the role of optimized drainage systems
in malaria prevention is increasingly significant.

Nigeria remains a major hotspot for malaria contributing 23% of global cases and 27% of malaria related
deaths in 2020 according to African Leaders Malaria Alliance (2024) and World Health Organization (2020)
data. Malaria’s impact extends beyond health imposing severe socio-economic costs on affected communities,
the correlation between poorly managed drainage systems and increased mosquito breeding underscoring the
need for sustainable infrastructural approaches alongside medical interventions. Recognizing these realities,
the Nigerian government through the National Malaria Elimination Programme (NMEP) has launched a
strategic data-driven plan the National Malaria Strategic Plan aimed at reducing malaria morbidity and
mortality. This approach prioritizes the allocation of resources based on local needs and targets interventions
at the Local Government Area (LGA) level in line with the WHO’s High Burden to High Impact strategy.

Mathematical modeling now plays an essential role in informing these strategies offering insights into
the transmission dynamics of malaria and the probable effects of various interventions, such models enable
policymakers to simulate several scenarios in identify critical points of intervention and optimize control
measures. A pivotal aspect of these strategies is the environmental management, specifically the optimization
of drainage systems with Open drains which is commonly found in both urban and rural Nigeria often
accumulate stagnant water creating optimal breeding conditions for malaria vectors while on the converse,
a well-designed and regularly maintained drainage infrastructure can significantly reduce vector populations
by limiting breeding sites.

Recent years have seen growing advocacy for integrating environmental management into malaria control
efforts especially those targeting water management and drainage optimization are recognized as sustainable
complements to traditional interventions. Effective drainage requires a combination of sound engineering,
ongoing maintenance, and community engagement to ensure that systems function as intended and do not
become mosquito habitats. Numerous researchers, including Castro et al. (2023) and Jakada et al. (2023)
have examined the impact of community-based environmental management on malaria control. Their work
demonstrates that interventions targeting the environmental determinants of vector breeding can yield
substantial, lasting reductions in disease transmission. Drawing inspiration from the African Leaders Malaria
Alliance (2024)’s report which urges accelerated efforts toward malaria elimination by 2030, this study sets
out to construct a mathematical model specifically examining the impact of optimized drainage systems
on mosquito population dynamics and malaria transmission. Both open and closed drainage interventions
are incorporated with the aim of evaluating their respective effectiveness in reducing mosquito populations
and lowering malaria incidence. The central objective is to develop a model that integrates both open
and closed drainage strategies, allowing for a clear comparison of their influence on malaria transmission
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rates. The research will determine the existence and stability of model equilibria, supported by numerical
simulations to validate the analytical findings. Sensitivity analyses will also be conducted to highlight the
most influential parameters, emphasizing the importance of drainage interventions in comprehensive malaria
prevention strategies.

In an ongoing effort to combat malaria, it is critical to adopt innovative approaches that address both
biological and environmental determinants of disease transmission. Previous research, such as Jakada
et al. (2023) and Mokuolua et al. (2017), has shed light on the relationship between malaria prevalence
and environmental factors, primarily through statistical analysis. While these statistical approaches yield
valuable data, they may not fully capture the dynamic interplay between mosquito populations and their
breeding environments particularly with respect to open drainage systems. To address this gap, this article
extend the approach of Mokuolua et al. (2017) by implementing a compartmental model that allows for
a more nuanced representation of malaria transmission dynamics. Compartmental models are widely
utilized in epidemiology to simulate the movement of individuals between states (e.g., susceptible, infected,
recovered) and can incorporate the effects of interventions over time. By integrating this framework, the
study will provide a deeper analysis of how optimized drainage systems especially open drainage affect
mosquito habitats and malaria transmission rates.

The Open drainage systems which are common in many malaria endemic regions play a significant role in
fostering environments conducive to mosquito breeding. By focusing on these infrastructures, this research
offers a targeted examination of how environmental interventions shape malaria dynamics. The anticipated
outcome is to inform public health policies and infrastructure planning which ultimately contributed to
a more effective strategies for malaria control. Through this enhanced modeling approach, the study
seeks to bridge the gap between statistical and dynamic modeling, offering a comprehensive perspective
that underscores the critical role of environmental management in malaria prevention. The critical role
of mathematical modeling in understanding malaria transmission and evaluating control measures as
emphasized by Collins and Duffy (2023) includes addressing challenges posed by drug-resistant malaria
strains, seasonal variations, and the interplay between resistance and control strategies like mosquito
nets and improved treatments. Techniques such as sensitivity analysis, optimal control models, and data
integration have advanced knowledge significantly, yet gaps remain, including the need for comprehensive
models specific to Nigeria that integrate drug resistance, control measures, and real data, alongside long-term
predictions addressing socio-economic and environmental factors.

In alignment with these findings, Edossa and Koya (2020) utilized a mathematical model to evaluate
the efficacy of control strategies such as insecticide-treated bed nets (ITNs), indoor residual spray (IRS),
environmental management, and antimalarial drug treatments. Their results reveal the effectiveness of
ITNs as the most impactful intervention particularly when combined with other measures. Futhermore,
the numerical simulations demonstrated that integrating all four strategies significantly reduces malaria
transmission, however, their study also highlights gaps in long-term sustainability, community acceptance,
socio-economic impacts, and insecticide resistance. Together with these findings reinforce the importance of
developing integrated region-specific approaches to malaria control that address both technical and societal
challenges, ultimately enhancing public health outcomes in regions like Nigeria.

Complementing these insights, the study by Castro et al. (2023) on community-based environmental
management in Dar es Salaam demonstrated the effectiveness of community sensitization and drain
maintenance in reducing malaria transmission, with intervention areas showing significantly lower Odds
Ratio (OR = 0.12) of infection. However, resource limitations and inconsistent commitment hindered long-
term success. Together, these studies underscore the need for integrated, sustainable, and community-driven
approaches to malaria control, emphasizing the importance of combining mathematical modeling with
practical interventions and addressing societal challenges to enhance public health outcomes. Similarly,
the study by Dauda et al. (2023), Jakada et al. (2023), and Koissi Savi (2023) shows the importance of
sanitation practices in reducing mosquito breeding. The study revealed that poor sanitation practices

I.P. Kehinde, A.R. Tasiu and A. Jafar INTERMATHS, 6(1), 37-63, October 2025 | 39



influenced by socio-demographic factors contribute significantly to mosquito proliferation recommending
the integration of sanitation into malaria programs and improved waste management. However, gaps such
as limited geographic scope, insufficient sample diversity, and lack of long-term assessments highlight the
need for broader studies and enhanced community engagement. Collectively, these findings emphasize the
necessity of combining mathematical modeling with practical, community-driven interventions and policy
measures to tackle the multifaceted challenges of malaria control effectively.

In support of these perspectives, the study by Ojo (2020) employs a nonlinear deterministic compartmental
model to understand malaria transmission dynamics Ozodiegwu et al. (2023). The research analyzes the
impact of bed nets, treatments, and insecticides using stability theory, optimal control theory, and numerical
simulations. Key findings from the study include the evaluation of both single and combined control
strategies, with graphical representations of their effects. However, the study also identifies significant
gaps, such as the limited scope of control strategies, insufficient adaptation to local contexts, and the lack
of long-term sustainability analysis. Techniques utilized in the study—mathematical modeling, stability
theory, and optimal control formulations—provide valuable insights into malaria control strategies and
public health interventions. These insights further contribute to the understanding of the complex malaria
control landscape, emphasizing the need for broader, more context-specific models and long-term strategies,
particularly in regions like Nigeria.

Additionally Evans et al. (2020)present a deterministic model focused on mosquito population dynamics.
The model specifically examines insecticide-sensitive and insecticide-resistant mosquito types establishing
conditions for the stability of four equilibrium points validated through numerical simulations. The study
highlights the pivotal role of female Anopheline mosquitoes in malaria transmission, an insight critical to
developing effective control strategies. However, it also identifies gaps including a limited understanding
of the impacts of insecticide resistance, the absence of spatial and environmental factors, and insufficient
insights into mosquito-human infection interactions. The techniques used in the study equilibrium analysis,
differential equations, and simulations offer valuable perspectives on enhancing mosquito control strategies
and reducing disease transmission.

Building on the studies of Koissi Savi (2023) which highlighted the multifaceted challenges of malaria
control emphasizing its complex nonlinear dynamics. They identifies key gaps including limited understanding
of the disease’s complexity, the failure of past interventions to address resistance issues, the need for
multidisciplinary approaches, and significant information asymmetry that hinders effective policy-making.
Koissi Savi (2023) adopts a systems approach to analyze the interactions in malaria transmission using
mathematical and simulation models to predict disease dynamics and providing didactic material to
improve public understanding. By integrating interdisciplinary insights from public health, economics, and
environmental science. Their work aims to inform more effective malaria control strategies and future
policy development. In line with these mathematical modeling and intervention strategies Strugarek et al.
(2023) explores additional vector control methods particularly the Sterile Insect Technique (SIT) and
Incompatible Insect Technique (IIT) to combat mosquito-borne diseases like dengue and Zika. The study
uses mathematical models to evaluate the effectiveness of SIT and IIT, analyzing different release strategies
and identifying conditions for successful mosquito population control. However, the research highlights
gaps such as the need for field verification, accurate parameter identification, and practical implementation
strategies. By employing the mass release of sterilized or Wolbachia-infected male mosquitoes, the study
underscores the importance of tailored release strategies and further research to optimize these vector
control methods. Collectively, these studies point to the necessity of combining mathematical modeling with
practical, interdisciplinary, and community-driven interventions to enhance mosquito control and malaria
prevention efforts globally.

Finally, Montoya and Romero-Leiton (2019) present two mathematical models focused on malaria
transmission, with particular attention to resistance and population movement. The single patch model
analyzes interactions within a single area, while the two patch model explores population movement
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between regions. The study identifies several gaps, including limited real-world application, insufficient
exploration of resistance mechanisms, and the lack of consideration for human behavior and socio-economic
factors. Techniques such as ordinary differential equations (ODEs), stability analysis, bifurcation analysis,
sensitivity analysis, optimal control theory, and numerical experiments provide valuable insights into malaria
dynamics, aiming to enhance control strategies and improve disease management. Recently, Ozodiegwu
et al. (2023) utilizes agent-based modeling to simulate malaria morbidity and mortality across Nigeria’s 774
local government areas (LGAs). Their analysis of four intervention strategies, including business-as-usual
and resource-prioritized plans, underscores the need for improved subnational data collection systems and
a better understanding of resource optimization. The study applies agent-based modeling to simulate
transmission dynamics, epidemiological archetype clustering to tailor interventions and scenario analysis to
evaluate the impacts of different strategies. Addressing these gaps with advanced modeling techniques can
significantly enhance the effectiveness of malaria interventions in Nigeria.

These collective studies underscore the critical role of mathematical models in enhancing malaria control
strategies, while the studies mentioned above primarily focus on various aspects of malaria transmission and
mosquito control, including insecticide resistance, ITNs, IRS, and other vector control methods. However,
none of the studies explicitly addressed the optimization of drainage systems as a control method for mosquito
dynamics. That being said, some of the studies, such as Castro et al. (2023)’s work on community-based
environmental management in Dar es Salaam, touch upon the importance of environmental management,
including sanitation and drain maintenance, as part of a broader strategy to reduce malaria transmission.
Castro et al. (2023)’s research indicates that community-driven environmental management, Similarly, while
the study by Jakada et al. (2023) emphasizes sanitation practices to reduce mosquito breeding.

By extending Mokuolua et al. (2017) research to explore the impact of proper channeling of drainage in
malaria control with a deeper focus on optimizing drainage systems, particularly the proper channeling of
water in urban and semi-urban environments, could further enhance malaria control efforts by minimizing
breeding sites for mosquitoes. This study is motivated by the report of African Leaders Malaria Alliance
African Leaders Malaria Alliance, 2024 to ultimately accelerating Africa’s progress toward malaria elimination
by 2030. The focus of this study is to develop a mathematical model that explores the impact of optimized
drainage systems on mosquito population dynamics and malaria transmission by incorporating both open
and closed drainage interventions into the model. We aim to evaluate their effectiveness in controlling
mosquito populations and reducing malaria incidence.

2 Model Formulation

We develop a six-compartment model to describe the dynamics of human and mosquito populations.
The model incorporates systems such as open and closed drainage to analyze their effects of mosquitoes
breeding and disease transmission.

1. Population Dynamics: The human population is assumed constant with no migration, and
homogeneous mixing is considered between humans and mosquitoes.

2. Environmental and Drainage Factors: Mosquito breeding is directly influenced by drainage
efficiency, but the model does not explicitly capture complex hydrological processes like rainfall,
topography, or infrastructure design.

3. Disease and Immunity Assumptions: The model assumes no resistance to drugs or insecticides
and that recovered individuals gain temporary immunity.

4. Simplified Mosquito Life Cycle: The mosquito life stages are aggregated into compartments for
computational simplicity.
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5. Exclusion of Human Behavior: The model does not account for human behavioral responses to
malaria interventions such as net usage or community-based environmental practices.
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Variables Variables (cont.)

Sh Susceptible humans Sm Susceptible mosquitoes

Iy Infected humans I Infected mosquitoes

Ry Recovered humans D, Mosquito drainage level

Parameters Parameters (cont.)

Ay Recruitment rate of humans Lh,y 1 | Natural death rate of humans, mosquitoes respectively
OhyOm Disease-induced death rate of humans, mosquitoes respectively o Recovery rate of humans

Bo Contact rate of susceptible mosquitoes and infected humans 51 Contact rate of susceptible humans and infected mosquitoes

B Contact rate of infective mosquitoes and infective humans B3 Contact rate of infective mosquitoes and recovered humans
Ahy Am Rate of disease transmission in humans, mosquitoes respectively Pm Reproduction rate of mosquitoes

(1= kroDo — keDe)Awm | Modified birth rate of mosquitoes due to drainage roDo | Effectiveness of open drainage on mosquito population

kcDco Effectiveness of closed drainage on mosquito population

Table 1. Description of variables and parameters

2.1 Basic Properties of the Model Equation

Model Description

Consider the following malaria transmission model:

dsSy, AmSh
@oh _ g _ S
= A (o + B1)Sh,
dly, AnSh
_— = Sm — 5 I 3
I N, + Bo (pon + O + 0 + Bo) I,
dR
dith = B3l — olj, — (,uh + 5h)Rha
ds,, Am 1,
—— =(1—-koDo — keDc)Ap Dy + o (tm + Bo)Sm
dt N
dl,, Am
—_— = I - m m 5m AT Ima
L Balp, <51+ﬁ3+/) + pom + +Nm>
dD,,
7 = pmdm — (1 —koDo — HCDC’)AmDma

where N, = S, + I, + Ry, and Ny, = S,,, + I, + D,,, represent the total human and mosquito populations,
respectively.

Non-Negativity of Solutions

Theorem 1. If the initial conditions satisfy Sp(0), I5(0), Rp(0), Sm (0), I, (0), Dy, (0) > 0, then the solutions
Sp(t), In(t), Rp(t), Sm(t), Im(t), D (t) remain non-negative for all t > 0.

Proof. We analyze each compartment individually.

Non-Negativity of Sy, (t)

From the first equation:

d—Sh—A AmSh

Am
— Ay, — - > A, — (2 .
o TN (pn =+ B1)Sh > Ay, (Nh + o, + 51) Sh,
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Let ¢(t) = }\V’Zg + pun, + B1. Then:
dsy,

T @(t)Sn > Ap

Using the integrating factor u(t) = exp (fg gb(s)ds), we obtain:

& (Sutu(t)) > Autt).
Integrating from 0 to ¢: .
Sh()u(t) — Su(0) > Ay, / u(s)ds,

which implies:

Sh(t) > Sp(0)exp <— /Ot gb(s)ds) + Apexp <— /Ot gb(s)ds) /Ot exp </OS gb(u)du) ds > 0.

Thus, Sp(t) > 0 for all t > 0.

Similarly, it can be shown that From the second equation:

A, MSh

dt + BoSm — (ttn + 6p + 0 + B2)In = —(pn + 0 + 0 + B2) I
dt N,
This yields:
dl
dith +n(t)I, >0, where n(t) = pup + 0y + o + Ba.

Thus: )
Ly(t) = L,(0)e Jo 15)4s > ¢

From the third equation:

dR
dTh = B3lm — oI, — (un + 0n) Ry > —(pn + 61) Ry

This gives:
Ry(t) > Rh(o)e—(uh+5h)t > 0.

Non-Negativity of Sy, (t), Iy, (t), Dp,(t) follows similar arguments apply to the mosquito compartments:
« For S,,(t), the equation has non-negative inflow terms and linear decay, ensuring Sy, (t) > 0.
o For I,,,(t), the inflow B2} is non-negative, and the decay is linear, so I,,(t) > 0.
o For D,,(t), the inflow p,, I, is non-negative, and the decay term is bounded, ensuring D,,(t) > 0.
O

We prove that the region € is invariant for the system of differential equations. The invariant region €2 is
defined as:

A A,
= {(Sh’fh’Rh’va%Dm) ERY [Ny < 28 N < M}7
h m
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Theorem 2. The total populations Ny(t) and Ny, (t) are bounded for all t > 0.

Proof. Summing the human equations:

dN
dith = Ap — Ny — 6n(In + Rp,) < Ay — i Np.

This implies:

A A
Na(t) < Na(0)e o 2 (1= ) < mac (Ny(0), 2 ).
Hh Hh

Summing the mosquito equations:

dN,
Ttm = AnDp(1 — koDo — keDc) — pin N — 0mdm < Ay — pmn Nim.
Thus: A A
Not) < Nop(0)e Pt 2% (1= 7m0 < e (N, (0), 52
Hm Hm

Positively Invariant Region

Define the region:

A A,
D = {(Sh T R S I D) € B N, < N, < M}.
h m

Theorem 3. The region D is positively invariant under the model dynamics.

Proof. From the boundedness results, any solution starting in D remains in D for all ¢ > 0. Non-negativity

ensures that D is invariant. O

2.1.1 Invariant Region of the Model

We prove that N < % and N, < ﬁ—z for all ¢t > 0.

Proof for Ny, :
. dNy, .
From the equation for <z:
dN, An— A
7: = Ap — pn N + <hth> Sh+ BoSm — (0n + 20 + Bo)In + B3lm — 6p R
At steady state (% =0):
A
Ap— pupNi =0 = Nj =2,
K,
To show boundedness, consider:
dNjy,
— < Ay — upNp,.
dt = h — HhiVh
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This is a first-order linear differential inequality. Solving it:

Ni(t) < An + <Nh(0) - Ah) e Hnl,
b [h

Ast — oo, Np(t) < % Thus, N}, is bounded above by %

Proof for N, :
From the equation for dg—t’”:
dN, Amdn A
—2 =" _(Mm+ﬂ0)sm+521h_<51+63+Nm+6m+m_pm)lm-
dt N N

At steady state (4m = 0):

Amdn Am
N (tm + Bo)Sm + B2In — (61 + B3+t + O + e —pm) Ly, = 0.
To show boundedness, consider:
dN,
m Ay — i Nop,.
it = K

This is a first-order linear differential inequality. Solving it:

A A
N,,(t §m+<Nmo —m) e Hmt,
(t) o (0) o

As t — 00, Npy(t) < ﬁ—z
Thus, N,, is bounded above by ﬁ—z
The invariant region € is defined as:
A A
@ = { (S Tn, Rt S I D) € B | Ny < 22 N < 22,
Kh Hm
Theorem 4 (LaSalle’s Invariance Principle). Let @ = f(x) be a dynamical system where f(x) is continuously
differentiable and D C R"™ is a positively invariant region. If the system has a Lyapunov function V (x) such
that:
V(z)=VV(z)- f(x) <0, VYzeD,
then the set L= {x € D : V() = 0} is invariant, and the trajectory of the system will tend to an equilibrium

point or a limit cycle within L.

Lemma 5. Let

A 1 - koDo — ke De) A
R—{(sh,fh,Rh,sm,Im,Dm)eRi:Sh+[h+RhgHh, S 1. 4D, < (L=r0Do—rcDc) m}
h

[im

The trajectories of the system remain within R, as guaranteed by LaSalle’s Invariance Principle 4.
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Proof. From the Lyapunov function V(z) = Sy, + I, + R, + Sm + I + Dy, we observe:

av A
— = —pn(Sp + I+ Ry = =) — i, <Sm+fm+Dm—
dt [

(1 - koDo — kcDc) Am)
Hm '

Since pp, pm > 0, it follows that % < 0 whenever the populations are within R. This ensures that the

total population remains bounded and the solutions of the system are non-increasing within the region.

By LaSalle’s Invariance Principle, the trajectories will remain within R and eventually converge to an

equilibrium point where % = 0. This equilibrium corresponds to the steady-state population levels % for

(1-=koDo—kcDc)A
Hm

Hence, the invariant region R is biologically meaningful, capturing the feasible range of the system

humans and

™ for mosquitoes.

dynamics. n

2.2 Disease-Free Equilibrium

We analyze the disease-free equilibrium (DFE) Ej of the system of differential equations and prove its
stability.
In the disease-free equilibrium, we assume:

Iy =0, I,=0, D,=0.

at equilibrium

Sy _ dly _ dRy _ dSw _ dln _ dDw _ dNy_ dNm _

. dt  dt dt dt dt dt dt

Am
Ap — Shﬁ — (pn + P1)Sh = 0.
h
Thus from first equation in (1):

Ay,

Ay — S,=0 = S, = .
n — (n + B1)Sh h o+ B

From the second equation in (1):

AnSh
Ny,

+ BoSm — (pn + 6 + 0 + B2)I, = 0.

Mok + BoSm

"+ Oht o+ B

A
_ An (Nhfﬁl) + BoSm
whr + 6+ 0+ B

from third equation in (1):
B3l — oIy, — (pun + 6n) Ry, = 0.

_ BBIm —oly
Hp + O
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from the fourth equation in (1):

Amdp,

(1 — koDop — Hch)AmDm +
N

- (Mm + BO)Sm =0.

(1 - koDo — ke D) A Dy + 22t
S = m

Hom 60
from the fifth equation in (1):
Am
/BQIh_ (/81 +/83+pm+/~bm+5m+ Ni)]‘m =0.
1
I, Bl

from the sixth equation in (1):
pmdm — (1 — koDo — ke Do) A Dy, = 0.

pmdm
(1 —koDo — keDc)Am

D, =
From the above analysis, the disease-free equilibrium FEj is:

Ay, )
Fo=(SEI5 RS T D)= (—=" 0.0,0,0,0).
0 ( hyLhy LVhs Pmos Im m) (Nh+/81

2.3 Endemic Equilibrium Conditions

From all the equilibrium values, we obtain the endemic equilibrium condition for the model as

D = (K3)(K1)[K2(tim + fo) — fo(Lmlrfim)]

K1:/81+53+pm+ﬂm+5m+)\m
Ko = pp + 0 + 0 + B2
K3z = M\ + pp + 51
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Ay,

Sh B /\m‘i‘ﬂh‘f‘ﬁl7
g _ (PmB2 + A K1) AnAp
" K Ko (pm 4 Bo) A + g+ 1) — (PmB2 + A K1) Bo(Am + i + B1)’
[ B2 AnAn(pm + Bo)
m K3 [KlKQ(Hm + BO) - /80(pm/82 + )\mKl)] 7 9
I A AR K1 (pm + Bo) @
"TKs (K1 Ka(pim + Bo) — Bo(pmB2 + Am K1)’
D* — Pm B2 (Hm + Bo)
™ (1-koDo — keD¢g)-D’
o AAp(pm + B0)(B3B2 — 0 (B1 + B3 + pm + fim + Om + Am))

(ptn + 0n) (A + pn + B1) K1 Ko (pm + Bo) — Bo(pmB2 + AmEK1)]

2.4 Basic Reproduction Number R,

Given the system of differential equations, we identify the infected compartments as:

We will apply the Next Generation Matrix (NGM) method (van den Driessche and Watmough, 2002) by
constructing matrices F and V such that:

dx
W Fa) Vi)
BoImS;,
Np,
F = Bl
0

(tn + 6n + 0 + B2) I,
V= (61 +63+pm+,um+5m+ ]i\[ir:l)[m_BZIh
_mem + (]— — rkoDo — RCDC)AmDm

At the Disease-Free Equilibrium (DFE), we have: I, = I, = D,, = 0, and thus the Jacobians are
evaluated at this point.
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Ay,

het 54 = pr + B

at DFE. Define the following constants:

a=pp+0p+0o+ P2, b=p1+B3+pm+ fim+om

The Jacobian of F is:

o %

The Jacobian of V at DFE is:

0 —Pm Am

Since the third row/column does not feed into new infections, we consider the reduced 2x2 system:

S*
0 BoSh a 0
F, = Mol v=
Bz 0 —P2 b
The inverse of V. is:
116 0
Vit =—
" ab

B2 a

Now compute the next generation matrix K = F,.V,~!:

0 BoSh, BoB2Sy  BoaS}
1 -~ | |0 0 1
K=FV = - N =~ Np, Ny,

a a

BQ 0 52 a bﬁg 0
0 =z
K= , we have eigenvalues A = +,/zy
y 0

S*
Ry = p(K) = \/ B]O\iilbh

50 | hitps:/doi.org/10.22481/intermaths.v6i1.16942 I.P. Kehinde, A.R. Tasiu and A. Jafar


https://doi.org/10.22481/intermaths.v6i1.16942

Ay,

Since S} = —————
T s+ B

and we consider for a case of small number N, the expression for Ry becomes:

BoB2Ap

Ry =

2.5 Stability Analysis

\/(Mh+/61)(

Mh+5h+0+62)(ﬁ1+ﬁ3+pm+ﬂm+5m)

Theorem 6. (Poincaré-Bendizson Theorem) Let X(t) be a continuous dynamical system in a two-

dimensional plane, with solutions that are confined to a bounded region. If the system does not erhibit

behavior where trajectories spiral out to infinity or exhibit chaotic dynamics, then there exists a stable

equilibrium point such as a fized point or limit cycle that the system approaches.

To analyze the stability of Ey, we linearize the system around Ey and compute the Jacobian matrix. The
eigenvalues of the Jacobian matrix determine the stability; If all eigenvalues have negative real parts Fy is
locally asymptotically stable and If any eigenvalue has a positive real part Ey is unstable.

Jacobian Matrix (J):

The Jacobian matrix (J) at Ep is computed as:

9f1
a5,

Of2
ISy

Ofs
aSh,

Ofa
95,

Ofs
S

9fe

| 35,

af1
al,

of2
aly,

Ofs
oIy,

Ofa
aly,

fs
aly,

9fs
oIy,

af1
R,

2P
ORy,

Ofs
ORy,

O fa
oR,

Ofs
ORy,

dfs
ORy,

on

m

Of2
OSm

Ofs
OSm

Ofa
OSm

Ofs
OSm

9 fe
0Sm

0f1
Olm

Of2
8I7YL

Ofs
Ol

Ofs
Olm

Ofs
ol

9f6
0Im

0f1
ODm,

Of2
ODm,

Ofs
0D,

O fa
0D,

dfs
0D,

9fe

9D |

where f1, fo, ..., f¢ represent the right-hand sides of the differential equations.

At Ey = ( A ,0,0,0,0, O), the Jacobian matrix simplifies to:

ptB1

—(pn + B1) 0
- —(pn + 0 + 0 + B2)
—0
Jg =
: -
0 B2
0 0

I.P. Kehinde, A.R. Tasiu and A. Jafar

—(pen + )

0 0
0 0
B3 0
0 0

(181+/83+pm+ﬂm+6m) 0

Pm —Am
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det(J(Ep) — M) = 0,

where A is an eigenvalue and [ is the identity matrix.

Decoupled Subsystems J(E)

The Jacobian matrix J(Ey) has a block structure due to the presence of zero entries. This allows us to
simplify the computation of eigenvalues. Specifically, the matrix can be partitioned into smaller blocks:

A 0
J(EO): )

B C

where: - A is a 3 X 3 matrix corresponding to the human population (S, I, Rp), - C' is a 3 x 3 matrix
corresponding to the mosquito population (Sy,, I, D), - B is a 3 X 3 matrix representing interactions
between human and mosquito populations, - 0 is a 3 X 3 zero matrix.

The eigenvalues of J(Ep) are the union of the eigenvalues of A and C.

Human Subsystem: Eigenvalues of A

The submatrix A is:

—(pn + 1) 0 0
A=l ¥ —(mtontotp) 0
0 —0 —(Mh+5h)

This is a lower triangular matrix, so its eigenvalues are the diagonal entries:

All eigenvalues of A are negative because uy, 51,0, 0, B2 > 0.

Eigenvalues of C

The submatrix C is:

—(ptm + Bo) 0 (1 -roDo — kcDc)Ap,
¢= 0 ~(B1+ B3+ pm + fim + G + 32) 0
0 Pm —(1 = koDo — keDe) A,
The eigenvalues of the Jacobian matrix J(Ep) at the disease-free equilibrium are: A\; = —(up+51), A2 =

—(un+On+ 0+ B2), Az =—(un+0n), A =—(m+B0), As = —(BL+ B3+ pm + fim + Om + 42),
)\6 = (1 — HoDO — /ich)Am.
All eigenvalues except Ag are strictly negative. The sign of A\ depends on the term:

(1 —koDo — ke D) Ap,.

o If koDo + kcDe < 1, then Ag > 0 and the disease-free equilibrium FEy is unstable, which cannot
occur in a real-life scenario.
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e If koDo + kcDc > 1, then Ag < 0 and all eigenvalues are negative, implying Ej is locally asymp-
totically stable.

3 Endemic Equilibrium Conditions

Let all equilibrium values be denoted by * superscript. Define the common denominator:

D = (K3)(K1)[Ka(ttm + o) — Bo(£nPztrnk1y)

1

K1:ﬁ1+ﬁ3+pm+ﬂm+6m+)\m
Ko = pup+ 90+ 0+ Bo
K3 = Ay + pn + 51

_ An
>\m+:u’h+/31,

Sh

o _ (pmB2 + Am K1) ApAp
" K Ko (i 4 Bo) (Am + pn + B1) — (pmB2 + A K1) Bo(Am + pin + B1)’
o B2 AnAn (pm + Bo)
" K3 [KiKo(pim + Bo) — Bo(pmB2 + AmK1)]’
I A An K1 (pn + Bo) 3
" KK Ka (i + Bo) — Bo(pmBa + AnE1)]’
D* — Pm B2 (Hm + Bo)
"™ (1-koDo — kecDcg) - D’
o AnBn(pm + Bo)(B362 — 0 (B1 + B3 + pm + fim + Om + Am))
(k4 0n) Am + w4 B1) [K1 K2 (pm + o) — Bo(pm B2 + AmEK1)]

Endemic Equilibrium: Infected Humans vs Transmission Rates

0.02
Hur,,i“ 0.04
°‘Mosqw( 0.06
°T’5hsp,,,5 0.08 0.025 &
Sfu,} OV
(B, 010 0000
.2 S

Fig. 2. Disease-Free Equilibrium
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4 Optimized Drainage Systems on Mosquito Dynamics

We aim to minimize the total mosquito population (infected + drainage) by optimizing the drainage
coefficients ko and k¢. The optimization problem is defined as:

min J = lim (D, (t) + Ln(t)) (4)

KO,KC t—o0

Subject to the mosquito dynamics at equilibrium:

0= (1 —rkoDo — Iich)AmDm + )\thNm — (Nm + ﬁo)sm,
0= pmIn — (1 —koDo — ke Dc) Ay Dy,

From the second equation in (5), we solve for I,,:

_ Bolp
Bl+63+pm+ﬂm+5m+)\m

I
Substituting into the third equation gives:

mem
D,, =
(1 —rkoDo — ﬁch)Am (7)

Thus, substituting I,,, from above:

" (1*KODO*/{CDC)Am /81+/83+pm+ﬂm+6m+)\m

Therefore, the total mosquito population at equilibrium is:
J(ko,kc) = Dy + I,y (9)

Substituting the expressions for D,, and I,,:

Bad}, [ Pm }
; | _ 1+ 10
(802K C) = B By ot i + B+ o (1 = KkoDo — kcDe)Am 1
Letting B« = 1 + B3 + pm + tm + Om + Am, we simplify:
BoIp { Pm ]
p _ ) 11
(K0, fic) B, * (1 =kroDo — kcDc) A, -

Constraint:
0<koDp+kcDc <1

This ensures that the combined effect of drainage optimally minimizes the mosquito population while
maintaining equilibrium conditions.

Let x = koDo, y = kc D¢, and define the objective function:
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BaIn Pm

J(x,y) = 1+ 12
Subject to the constraint:
glx,y)=x4+y—c=0, withe<l1 (13)
We define the Lagrangian:
B2l Pm
Lx,y,\) = 1+ +AMzx+y—c 14
(z,9,A) 3 Y- (z+y—c (14)
We take partial derivatives:
oL B2Ihpm
- = A= 1
9r ~ Butp(l—z—gp? 0 (15)
oL BaInpm
9y " Bhn(l—z—yp (19
oL
ﬁ—:c—l—y—(:—o (17)

From the first two equations, we observe:

oL oL
= — = Both gradients are equal, so A is consistent.

or oy
The optimal point occurs when:
r+y=c= koDo+ kcDc =c
This implies any pair (ko, k¢) satisfying:
koDo + kDo =c< 1

x+y:c:>m+x:cé23::c::r:%éy:%

To minimize the total mosquito population under a fixed drainage effort ¢, we must allocate the drainage
effects equally such that ko Do = kg D¢ = 5.
The Manning equation determines the velocity of flow in channels:

1
V= ER%S% (18)

where: V' = Flow velocity (m/s or ft/s) n = Manning’s roughness coefficient (dimensionless) R =
Hydraulic radius, defined as:

R= % (19)

where A is the cross-sectional area and P is the weight ed perimeter. S = Channel slope (m/m or ft/ft).
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Incorporating Manning’s Equation into Drainage Coefficients

To model the effect of physical drainage on mosquito dynamics, we link the Manning equation to the
drainage coefficients:

Manning’s Equation

V= %32/351/2, where R = % (20)
The flow rate through the channel is:
Q:A-V:A-i<£>2/351/2 (21)
We define the drainage coefficients as proportional to flow rate:
koDo =noQo,  kcDc =ncQc (22)
Substituting: , ,
ko =nodo - nlO <;§2) . S5, ko =ncAc - nlc (?’2) : S (23)

These expressions dynamically couple hydraulic parameters to mosquito habitat drainage, thus directly
influencing the mosquito birth/reduction terms in the system.

5 RESULT AND DISCUSSION

In this section, numerical simulations are considered to explore the dynamics of model using a case study
of malaria epidemic in Nigeria by Jakada et al. (2023). The model is fit and parameters estimated using
the actual data of malaria in Nigeria.

Parameter | Source Value Parameter | Source Value
Sh, Jakada et al. (2023) 225 In Jakada et al. (2023) 135
Ry Jakada et al. (2023) 90 Sm Jakada et al. (2023) 1012
I Jakada et al. (2023) 338 D, Jakada et al. (2023) 0.665
Ap, Collins & Duffy (2022) 0.0176 h Collins & Duffy (2022) | 0.000039
tm Collins & Duffy (2022) 0.071 On Collins & Duffy (2022) 0.001
Om Collins & Duffy (2022) 0.02 o Collins & Duffy (2022) | 0.071
Bo Collins & Duffy (2022) 0.3 B1 Collins & Duffy (2022) 0.4
B2 Collins & Duffy (2022) 0.2 Bs Collins & Duffy (2022) 0.1

Ak Am Computed (0.10015, 0.09) Pm Collins & Duffy (2022) 20
Ko Jakada et al. (2023) 0.3 Kc Jakada et al. (2023) 0.5
A Computed as 3:1 of Ay, 201771 Ro Computed 0.187

Table 2. Estimated values of model variables and parameters
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Parameter | Value
I 1000
B2 0.2
B 0.7
Pm 0.03
A 50
c 0.8

Table 3. Baseline Parameter Values for Mosquito Dynamics

Effect of Bo on Basic Reproduction Number Ro

Parameter | Values Tested
B2 {0.1,0.2, 0.4}
Pm {0.01, 0.03, 0.05}
Am {30, 50, 70}

Table 4. Parameter Sensitivity Ranges for Drainage Opti-
mization

Optimized Total Mosquito Population )
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6 Discussion of Result

In this study, we explored the optimization of drainage systems as a strategy to control mosquito

population dynamics and mitigate the spread of mosquito-borne diseases. A key epidemiological metric used
in our analysis is the basic reproduction number, denoted as Ry, which provides a threshold criterion for
disease invasion. Mathematically, Ry. Using the parameter values 8y = 0.3, 82 = 0.2, A, = 1000, up, = 0.01,
61 =0.2,0, =0.01, 0 =0.2, 3 =0.1, pp, = 0.03, py, = 0.1, and 6,,, = 0.01, we found that Ry = 1.44. This
value exceeding 1 implies that the infection is capable of persisting and spreading within the population,
underscoring the necessity of effective control measures such as environmental drainage.
To address mosquito population control through drainage, we formulated an optimization problem targeting
the total mosquito burden defined as the sum of infected mosquitoes and the environmental drainage level
Dy, + I,. The objective was to minimize this burden by adjusting the effectiveness of open (ko) and
closed (k) drainage interventions, subject to a constraint on their combined impact: koDo + kcDo < 1.
Through Lagrangian optimization, we showed that the optimal allocation under a fixed drainage capacity c
occurs when koDop = kcDc = ¢/2. For our assumed value of ¢ = 0.8, the optimal drainage distribution
requires each intervention to contribute 0.4, demonstrating the efficiency of balanced resource allocation.
The parameters used in the model, such as the human infection count (I;, = 1000), mosquito contact
rate (B2 = 0.2), effective transition rate sum (3, = 0.7), mosquito reproduction rate (p,, = 0.03), and
mosquito recruitment rate (A,, = 50), were chosen to reflect realistic epidemiological conditions. These are
summarized in Table (3).

A sensitivity analysis was also performed to examine how changes in key parameters affect the optimized
mosquito burden. We observed that increasing the mosquito contact rate 52 leads to a higher total burden,
emphasizing the importance of reducing human-mosquito interaction. Similarly, an increase in mosquito
reproduction p,, intensifies the need for stronger drainage interventions. On the other hand, a higher
mosquito recruitment rate A,, diminishes the effectiveness of drainage, suggesting that vector control
programs should also target mosquito breeding sources. These insights are captured in Table (4).

Overall, the model underscores that combining biological insights with mathematical optimization offers
a practical guide to resource allocation in public health interventions. In particular, balancing open and
closed drainage under known constraints can yield significant reductions in mosquito burden, contributing
to long-term vector control and disease prevention.

A Appendix: (Endemic Equilibrium Solution)

Given the system with N, = N,,, = 1, we solve for the endemic equilibrium by setting all derivatives to
Zero.

A.1 Key Equations

Ay,

Sy=— 24
h /\m + Hh + /31 ( )

Sy + BoSm
I, = 25
h ph + 6+ 0+ Ba (25)

- Pmdm
D = (1 — koDo — kcDc)Am (26)

I

n el (27)

B+ B3+ pm+ i T+ O+ A
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A.2 Solution for 5,

Substitute (25) into (27):
_ B2 AnSh+ BoSm

L, = 28
K Ko (28)
where K1 = 81 + 83 + pm + pim + 0 + Ay and Ko = pp + 0p, + 0 + Sa.
Substitute into (26):
pmﬁQ()‘hSh + 505771)
D, = 29
" K1 K>K; (29)
where Kg = (1 — /-ioDo — Kch)Am.
The equation for S, becomes:
K3D Am
Sm _ 3Um + Amdp (30)
Hm + BO
Substituting D,, and Ij:
p7n62(>\hsh+605m) + )\m()\hSh+BOS77L)
Sm = K1 Ko K2 (31)
P + 50
Let C = % + Am, then:
g _ C(AnSh + BoSm) (32)
" K2(Nm + BO)
Solving for S,:
A
Sy = CAnSh (33)

Ks(pm + Bo) — CBo

A.3 Final Expression
Substituting Sy, from (24):

m 3 Ap
g (pK12 + )\m> )\h )\m‘i’ﬂ};‘i‘ﬁl (34)
K2(Um + 50) - (% + )\m) Bo

The fully factorized solution is:

(PmB2 + Am K1) A\ Ay,

Sm = 35
KK+ o) v+ -+ 51) — (o A K1) Bo o+ 1+ 1) )

The infected human population at endemic equilibrium is given by:
L= h(B1 + B3 + pm + tan + 6m + Am) (lan + o) (36)

D

where the denominator D is:

D = ()\m'i_uh'f'ﬁl)[(ﬁl +B3+pm+/~bm+5m+Am)
X (ph + Op + 0 + B2) (ttm + o)
- ﬁO(meQ + /\m(ﬂl + 53 + Pm + Hm + 5m + /\m))} (37)
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Using these definitions, the equilibrium expression becomes:

A AR K1 (i + Bo)

I, = 38
K3 [K 1K (ftm + Bo) — Bo(pmB2 + AmK1)] (38)
B Endemic Equilibrium Solution for Infected Mosquitoes (/,,)
B.1 Given Expression
The infected mosquito population at equilibrium is given by:
I
Iy = Paln (39)
Bl+63+pm+ﬂm+5m+Am
B.2 Substituting the Human Infected Equilibrium (1)
Using the previously derived expression for [j,:
A AR K (e
I, — n AR K1 (e + Bo) (40)
K3 [K 1K (ftm + Bo) — Bo(pmB2 + AmK1)]
where:
K :/81+B3+pm+ﬂm+5m+)\m
Ky =pn+0on+o+ B2
K3 = An +un+ b1
Substituting (54) into (39):
" Ky K3[K1Ka(pm + Bo) — Bo(pmbB2 + AmK1)]
Simplifying by canceling Kj:
I BoAnAn (i + Bo) (42)
" K3 [ K1 Ko (ptm + Bo) — Bo(pmB2 + AmK1)]
Expanding all terms gives the complete analytical solution:
AnAn (o
Im:ﬂz h h(l/; + Bo) (43)

where the denominator D is:

D = (A + pun 4 B1) (B1 + B3 + pm 4 pin + O+ Arn)
X [(un + On + o + B2) (1t + Bo)

o /30<51+63+p7‘5$5fn+6m+)\m + )\m)} (44)
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C Endemic Equilibrium Solution for Dormant Mosquitoes (D,,)

The dormant mosquito population at equilibrium is given by:

Pmdm
Dy, = 45
" (1=roDo — ke Do) Am (45)
Using the derived expression for I,,:
AnA
I, = BaAnAn (pm + Bo) (46)
Dtotal

where the denominator is:

Dtotal - ()\m + Hh + 61)(ﬁ1 + 53 + Pm + Hm + 5m + )\m)
X [(pn ~+ On + 0 + B2) (ptm + Bo)

m 3
- ’80(51+B3+Pr:+ufn+5m+Am + )] (47)

Substituting (55) into (45):

A
(1—=r0Do — kcDe)Am, Diotai
Simplifying the constants:
A A
D, — PmB2 A A (tm + Bo) (49)
(1 - HODO - HCDC)Athotal
Canceling A,,:
A
(1 = koDo — ke D) Dyotar
The complete solution expressed in all parameters:
A
D, — Pm B2 (Hm + Bo) (51)

(1 —koDo — keD¢) - D

where:

D:(Am"i_,ufh"’_ﬁl)(ﬂl+ﬁ3+pm+ﬂm+5m+>\m)

X [(tn + 6 + 0 + B2)(tm + Bo)

pm182+/\m (Bl +B3 +Ppm+Um +6m+)\m)
B BO( B1+B3+pm+pm+0m+Am )} (52)

The recovered human population at equilibrium is given by:

_ BBIm —oly
Hh + O

Using the derived expressions for I, and I,:
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A AR K1 (pm + Bo)
K3 [K 1K (ptm + Bo) — Bo(pmB2 + AmK1)]

B AnAp(pm + Bo)
K3 [ K1 K (pm + Bo) — Bo(pmB2 + AmK1))

Iy =

I, =
where:

K1:ﬁ1+ﬁ3+pm+ﬂm+5m+)\m
Ko = pp +op+0+ B2
K3 = Ay + pn + b1

Substituting (54) and (55) into (53):

poo & ( BB + Bo) - AnAnE (o + /30))
"+ on D D

where D = K3[K1Ka(pm + B0) — Bo(pmB2 + AmK1)] is the common denominator.
Factoring out common terms:

Ry = A Ay (i + Bo)
(pn + 6p)D

(832 — 0 K71)

The complete solution expressed in all parameters:

Ry = M Ag (i =+ Bo)(B3B2 — o (Br + B3 4 pm + fm + Om 4 Am))

(pn =+ 0n) (A + pon + B1)D

where:

D = (B1+ B3+ pm + ptim + O + ) (pn 4 0n + 0 + B2) (1t + Bo)

(54)

(55)

(58)

— Bo(pmB2 + An(Br + B3 + pm + fim + 6m + Am))  (59)
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